1.6 Singularni kvadriky

[ > restart;
[ > with(LinearAlgebra):
> X:=Vector[row]([x,y,z,1]);

X:=[xY,z1]

Matice kvadriky:
[ > K:=Matrix(a,1..4,1..4,shape=symmetric);
a1l a(l2) a(1,3) a(1,4)
K = al,2 a(22) a(23) a(2 4)
a4, 3 a(2,3) a(3 3) a(3 4)
L al 4 a(24) a(3,4) a4, 4

DeterminantA matice kvadriky - velky determinant
[ > Delta:=Determinant(K);

A=a1 Da(2 2)a(@3 3)a4 4)-a(l 1)a(2 2)a(3, 4f
+2a(1, a2 3)a(3 4)a(2 4)-a(l, 1)a(2 3¥a(4, 4 -a(l, 1)a(3 3)a(2 4F
-a(1,2%a(3 3 a(@ 4)+a(l 2¥a(3 4H°-2a(1, 2)a(2 3)a(3 4)a(l, 4)
+2a(1,2a(2 3)a(l 3)a(4,4)- 2a(1, 2)a(2 4)a(1, 3)a(3, 4)
+2a(1,2)a(2 4)a(3 3)a(l, 4)+ 2a(l, 3)a(2 2)a(3 4)a(l, 4)
—~a(2 2 a(l,3%a(4 4 +a(l 3Fa(2 4*>-2a(1, 3a(2 4)a(2 3)a(l 4)
—a(2 2 a(3 3)a(l, 4f+a( 2 3% a1, 4°

Rovnice kvadriky:
> Kv:=expand(X.K.Transpose(X))=0;

Kvi=xta(l D)+ 2xya(l 2+ 2xza(1, 3+ 2xa( 1, H+Y a2, )+ 2yza( 2, 3
+2ya(2, H+7 a3, 3+ 2za(3 4 +a(4 4)=0

Bod M (singularni bod kvadriky):
{> M:=[m,n,p];

M:=[m,n,p]

Parametrické rovnicerfmky prochazejici bodem M:
{> Primka:=[x=m+t*u,y=n+t*v,z=p+t*w];

Primka :=[x=m+tu,y=n+tv,z=p+tw]

Rovnice ptiniku této gimky s kvadrikou:
[ > Kvl:=simplify(eval(Kv,Primka));

Kvl:=2a(l h)mtu+2a(l 2)mtv+2a(l 2tun+2a(l, 2)tPuv+2a(l 3 mtw
+2a(l tup+2a(l ttuw+2a(2 2ntv+2a(2 3ntw+2a(2 3tvp
+2a(2 tPvw+2a(3 3ptw+a(4 4 +a(l, )fu*+2a(l, 2)mn+2a(l, 3 mp




+2a(L Atu+a(2 )tV +2a(2 3dnp+2a(2 Htv+a( 3 YtPw+2a(3 4)tw
+a(l, h)m’+2a(l, Hhm+a(2 dn*+2a(2 An+a(3 3 p°+2a(3, 4)p=0

KoeficientB rovniceAt + Bt + C = 0 spolénych bod: kvadriky a gimky:
[ > B:=coeff(lhs(Kv1),t)/2;

B:=a(l, Dmu+a(l 22mv+a(l, un+a(l, I mw+a(l Jup+a(2 2nv
L +a(2,Ynw+a(2 Jvp+a(3, Jpw+a(l, Hu+a(2, Hv+a(3 4Hhw
[ > B:=collect(B,[u,v,w]);
B:=(a(l, )m+a(l, 3dp+all 4 +a(l 2)n)u
t(alL,2m+a(2, 2dn+a(2 4 +a(2 3)p)v
+(@33dp+a2,3dn+a(l,3dm+a(3 4)w

Soustava rovnic - podminek praiani boduM =[m, n, p] jako singularniho bodu kvadriky :

[ > rl:=sort(coeff(B,u),[m,n,p])=0; r2:=sort(coeff(B,v) ,[m,n,p])=0;
r3:=sort(coeff(B,w),[m,n,p])=0;
r4:=sort(simplify(coeff(lhs(Kv1l),t,0)-m*lhs(rl)-n*| hs(r2)-p*Ihs(

r3)),[m,n,p])=0;
ri:=a(l, h)m+a(l, dn+a(l, 3p+a(l,4=0
r2:=a(1,2m+a(2, dn+a(2,Jp+a(24=0
r3:=a(1,3dm+a(2 3dn+a(3,3p+a3,4=0
rd:=a(l, hdm+a(2, Hn+a( 3, Hp+a(4,4=0

Matice MS a rozena matice MR této soustavy:
[ > MS:=linalg[genmatrix]({r1,r2,r3,r4},[m,n,p]);
MR:=linalg[genmatrix]({r1,r2,r3,r4},[m,n,p],flag);
al1) a(l,2) a(13)
MS = al 2 a(2 2) a(2 3)
a4, 3 a2 3) a(3 3)
al 4 a(2,4) a3 4
al1) a(2) a(1,3) -a(1, 4
MR = al,2 a(22) a(2,3) -a2 4
1AL 3 a(23) a(3,3) a3 9
al,49 a(24) a(3,4) -a4 49

1) Hodnost matice kvadriky(K) =3

[ > M:=[0,0,0]:

[ > resl:=solve(eval({r1,r2,r3,r4},[m=0,n=0,p=0]),{a(1, 4),a(2,4),a(3
4),a(4,4)});

i resl:={a(1, 4 =0a(2 4H=0a3 4=0a449=0

[ > assign(resl);

> Kv;

¥al D)+ 2xya(l, 2+ 2xza( L, J+yVa(2 )+ 2yza(2, d+Za3,3=0




Uvazujme konkrétni kvadriku danych vlastnosti:
> a(1,1):=1: a(1,2):=-1: a(1,3):=2: a(2,2):=3: a(2,3)
a(3,3):=1:

Odpovidajici kvadrikou je kuzelova plocha o rovnici
| > Kvl1:=Ky;

> Krivka:=eval(Kvl,z=-4);

> K_y:=solve(Krivka,y);

Kly:=— VLT
3 3 3 3 3
> pl:=map(unapply,expand([0,0,0]+t*[x,K_y[1],-4]),X);

Kvl ::x2—2xy+4xz+3y2—4yz+22:O

Krivka :=x*—2xy-16x+3y*+16y+16=0

X §+«/—2x2+32x+16§ 8 J-2X2+32x+16

1 8t

> p2::map(unapply_,expand([o,o,0]+t*[x,K_y[2],-4]),x);

1
pl:=| X - xt,x_,gxt—?+§«/—2xz+32x+16t,X—> -4 1

1 8t

L 3 3 3
> plf:=j->plot3d(pl(j),t=-2..2,s=-1..-1,axes=frame);
plf :=j - plot3d pl(j),t=-2..2,5s=-1
> p2f:=j->plot3d(p2(j),t=-2..2,s=-1..-1,axes=frame);
p2f :=j - plot3d p2(j),t=-2..2,5s=-1
> plotsetup(inline,plotoptions="portrait,noborder,shr
> primky:=plots[display](seq(p1f(k),k=-10..20,2),seq(
.20,2),orientation=[-60,48],scaling=constrained,vie
0..10,-4..4)):

Grafické znazornéni

Znézorreni uzitim gikazuplots[implicitplot3d]

[ > Plocha:=plots[implicitplot3d](Kv1,x=-18..18,y=-10..
id=[60,60,60],orientation=[-60,48],axes=frame,view=
.10,-4..4],scaling=unconstrained,style=patchcontour
RGB,250/255,250/255,250/255),light=[90,-5,1,1,1] ti

L 3D:

[ > plotsetup(inline,plotoptions="portrait,noborder,shr

[ > plots[display](Plocha,primky);

1
P2 :=| X - Xt, X - —xt————«/—2x2+32x+16t,x - -4t

..-1,axes=frame)

..-1,axes=frame)

inkby=0");
p2f(k),k=-10.
w=[-18..18,-1

10,z=-4..4,gr
[-18..18,-10.
,color=COLOR(
ckmarks=[3,3,

inkby=0");



Singularni kvadrikou B(K) = 3 je ivalcova plochadana rovnici:

[ > Pl=a*x"2+2*b*x*y+c*y"2+2*d*x+2*e*y+f=0;
I Pl:=ax*+2bxy+cy’+2dx+2ey+f=0
[ > a:='a’;
L a:=a
[ > K:=Matrix(a,1..4,1..4,shape=symmetric);
a1l a(l,2) a(1,3) a(1,4)

K = al,2 a(22) a(23) a(2 4)

“la(1,3 a2 3) a3 3) a(3 4)
L al 4 a(24) a3 4) a4, 4
[ > Kv:=expand(X.K.Transpose(X))=0;

Kvi=x*a(l D)+ 2xya(1l 2+ 2xza(1, 3+ 2xa( 1, ) +Ya(2, )+ 2yza( 2, 3
+2ya(2, H+7 a3, 3+ 2za(3 4 +a(4 4)=0

Porovname koeficienty rovnic Pl a Kv:
> KvPl:=collect(simplify(PI-Kv),[x,y,z],distributed);

KWl =f-a(4, 4+ Re-2a(2 4) )y+(2d-2a(1, 4))x-2za(3 4+ a1 1) +a)x
~Za3 3+ (2a(1,2)+ 2b)xy-2xza(1, 3 - 2yza(2, )+ a2 2 +c y*=0

Dostaneme tak soustavu deseti rovnicdeoya(i,j ) matice K:

[



[ > rl:=coeff(lhs(KvPl),x,2); r2:=coeff(lhs(KvPlI),y,2);
r3:=coeff(lhs(KvPl),z,2); r4:=coeff(coeff(lhs(KvPI) X),Y);
r5:=coeff(coeff(Ihs(KvPI),x),z);
r6:=coeff(coeff(lhs(KvPI),y),z);
r7:=coeff(coeff(coeff(lhs(KvPI),x),y,0),z,0);
r8:=coeff(coeff(coeff(lhs(KvPI),y),x,0),z,0);
r9:=coeff(coeff(coeff(lhs(KvPI),z),x,0),y,0);
r10:=coeff(coeff(coeff(lhs(KvPI),x,0),y,0),z,0);

ri:=—a(1, 1) +a

r2:=-a(2 2 +c
r3:=-a( 3,3
rd:=-2a(l, 2+ 2b
r5:=-2a(1l, 3)
ré :=-2a(2, 3)

r7:=2d-2a(1, 4
r8:=2e-2a(2 4
r9:=-2a(3 4
ri0:=f-a(4, 4
"> res: =solve({r1,r2,r3,r4,r5,r6,r7,r8,r9,r10},{a(1,1) ,a(1,2),a(1,3
),a(1,4),a(2,2),a(2,3),a(2,4),a(3,3),a(3,4),a(4,4)} );
res:={a(l, )=a a1, 2=b,al,3=0al 4h=d,a2 2=c,a2 3=0a2 4 =e,
a(3! 3)—03(3,4)—03(4,4)—”

Matice naSi valcové plochy ma tedy tvar:
[ > KVal:=map(x->eval(x,res),K);

KVval :=

o OT oD
© O O T
O o O o
-~ o ® Q

Hodnost je #ejma:
> Rank(KVal);

3

Pro ilustraci pouzijeme konkrétni valcovou plochyderbolicka valcova plocha):
[ > a:=1: b:=-2: c:=1: d:=5: e:=-1: f:=3:

> Pl

| X —4Axy+y+10x-2y+3=0

[ > ValPlocha:=plots[implicitplot3d](PI,x=-8..8,y=-8..8 ,Zz=-8..8,0rie
ntation=[52,63],grid=[40,40,10],style=patchcontour, axes=frame,co
lor=COLOR(RGB,250/255,250/255,250/255),light=[90,-5 ,1,1,1],tickm

| arks=[3,3,3],contours=5,scaling=constrained):

[ > plots[display](ValPlocha,orientation=[-66,53],view= [-8..8,-8..8,




..8],scaling=constrained);




