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— učebnice pro Gymnázia, např. Funkce, Posloupnosti a řady, nakl. Prometheus
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Zápočet se uděluje na základě odevzdáńı domáćı práce (vypracováńı
zadaných úloh). Z každé kapitoly učebńıch text̊u je nutno

vypracovat 3 př́ıklady. Plus př́ıklady uvedené za posledńı kapitolou.

Zkouška se skládá z ústńı a ṕısemné části. Nutnou
podmı́nkou k účasti na zkoušce je źıskáńı zápočtu.
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Kvadratické funkce

Řešte nerovnice v R:

1 x2 − 3x − 28 ≦ 0 2 x2 + 8x+ 16 ≦ 0

3 x2 − 2x − 15 ≧ 0 4 − 2x2 − 5x+ 12 > 0

5 9x2 − 6x+ 1 ≦ 0 6 x2 + 2x+ 6 < 0

7 x2 + 2x+ 6 ≧ 0 8 (x+ 2)(4− x) ≦ 0

9
4x − 3
7 + x

≧ 0 10
2x2 + 1

(x − 2)(x+ 1) ≦ 0

11
x2 + 5x+ 4

x2 − 5x − 6 < 0 12
x2 − 3x − 4

x+ 1
< 0

13
x − 1
2− x

≧ 1 14
x+ 2

x+ 3
> 2

Určete parametr m ∈ R tak, aby daná rovnice měla

15 dva reálné r̊uzné kořeny : x2 + 2x+m2 = 0

16 jeden dvojnásobný kořen : x2 − (1− m) · x+ 1 = 0
17 pouze nereálné kořeny : 9x2 − 6mx+ 9m = 0

18 dva r̊uzné záporné kořeny : x2 + 2mx+m2 − 8 = 0
19 jeden kořen : (m − 1) · x2 + 2(m+ 1) · x+m − 2 = 0
20 jeden nebo dva reálné kořeny : 5x2 + (4m − 10) · x+m2 − m+ 15 = 0

Výsledky: 1 x ∈ 〈−4, 7〉; 2 x = −4; 3 x ∈ (−∞,−3〉 ∪ 〈5,∞); 4 x ∈ (−4, 3
2
);

5 x = 1
3 ; 6 x ∈ ∅; 7 x ∈ R; 8 x ∈ (−∞,−2〉 ∪ 〈4,∞); 9 x ∈ (−∞,−7) ∪ 〈 34 ,∞);

10 x ∈ (−1, 2); 11 x ∈ (−4,−1) ∪ (−1, 6); 12 x ∈ (−∞,−1) ∪ (−1, 4);
13 x ∈ 〈 32 , 2); 14 x ∈ (−4,−3); 15 m ∈ (−1, 1); 16 m ∈ {−1; 3}; 17 m ∈ (0, 9);
18 m ∈ (

√
8,∞); 19 m ∈ {1; 15}; 20 m ∈ 〈−10,−5〉.
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Typ: ax2 + bx+ c = 0 pro a 6= 0

Diskriminant: D = b2 − 4ac

D > 0 2 reálná řešeńı x1,2 =
−b ±

√
D

2a

ax2 + bx+ c = a(x − x1)(x − x2)

a > 0 a < 0

21 XX

21 XX

D = 0 1 reálné řešeńı x0 =
−b

2a

ax2 + bx+ c = a(x − x0)
2

a > 0 a < 0

0X

0X
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D < 0 žádné reálné řešeńı

rozklad na součin neexistuje

a > 0 a < 0
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Absolutní hodnota

Řešte rovnice a nerovnice s absolutńı hodnotou:

1 |x − 3| = 9 2 |x2 + 3x − 2| = 2

3
∣

∣

∣

x+ 4

x − 2
∣

∣

∣
= 1 4 |x − 3| < 2

5 |2− 3x| ≧ 1 6
∣

∣

∣

1

x

∣

∣

∣
≧ 2

7
∣

∣

∣

x+ 2

1− x

∣

∣

∣
≦ 1 8 |x2 − 7x+ 15| < 9

Řešte rovnice a nerovnice (intervalovou metodou):

9 |x − 1|+ |x − 2| = 1 10 |2x+ 1| = |x − 1|+ 2

11 |x| − 2|x+ 1|+ 3|x+ 2| = 0 12
(5x − 3)(x+ 4)

x(6− x)
≦ 0

13
1− 2x

(x − 1)(x+ 1) < 0 14
x2 − 3x − 4

x − 1 ≧ 0

Výsledky: 1 x ∈ {−6; 12}; 2 x ∈ {−4; −3; 0; 1}; 3 x = −1; 4 x ∈ (1, 5);
5 x ∈ (−∞, 13 〉 ∪ 〈1,∞); 6 x ∈ 〈−12 , 0) ∪ (0, 12 〉; 7 x ∈ (−∞,−12 〉; 8 x ∈ (1, 6);
9 x ∈ 〈1, 2〉; 10 x ∈ {−4; 2

3
}; 11 x = −2; 12 x ∈ (−∞,−4〉 ∪ (0, 3

5
〉 ∪ (6,∞);

13 x ∈ (−1, 12 ) ∪ (1,∞); 14 x ∈ 〈−1, 1) ∪ 〈4,∞).
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Rovnice s abs. hodnotou:

|a| = a pro a ≧ 0

− a pro a ≦ 0

pro b ≧ 0: | ⋆ | = b =⇒ ⋆ = b nebo ⋆ = −b

pro b < 0: | ⋆ | = b =⇒ nemá řešeńı

Nerovnice s abs. hodnotou:

pro b > 0 : | ⋆ | < b =⇒ − b < ⋆ < b

| ⋆ | > b =⇒ ⋆ < −b nebo ⋆ > b

pro b < 0 : | ⋆ | < b =⇒ nemá řešeńı

| ⋆ | > b =⇒ je splněno vždy

pro b = 0 : | ⋆ | < b =⇒ nemá řešeńı

| ⋆ | > b =⇒ ⋆ 6= 0
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Mocniny a odmocniny

Zjednodušte. U příklad̊u s hvězdičkou výsledek také zapište jako mocninu x:

1 x · x3 2 x3 · 1
x6

3 (x3)4

4 (x3)
1
2 5 (x3 · y)5 6

x2 · x7
x3 · x4

7 ∗ x · x2 · x3
x7

8 ∗ x · 3
√

x 9 ∗ 1
4
√

x
· 3
√

x

10 ∗ √
x · 3

√
x2 · 4

√
x3 11 ∗ x2 · 4

√
x

x · √x
12 ( 4

√
x −

√
x)2

Výsledky: 1 x4, x ∈ R; 2 1
x3
, x 6= 0; 3 x12, x ∈ R; 4 x

3
2 , x ≧ 0; 5 x15 · y5,

x, y ∈ R; 6 x2, x 6= 0; 7 1
x
, x 6= 0; 8 3

√
x4, x ∈ R; 9 12

√
x, x > 0; 10

12
√

x23,

x ≧ 0; 11
4
√

x3, x > 0; 15
√

x − 2 4
√

x3 + x, x ≧ 0.

∗Výsledky: 7 x−1; 8 x
4
3 ; 9 x

1
12 ; 10 x

23
12 ; 11 x

3
4 .

Řešte rovnice s odmocninou:

1 4
√

x+ 2 = 2 2 3
√

x+ 1 = −2
3 5

√
2− x = 1 4

√
5− x = x+ 1

Výsledky: 1 x = 14; 2 x = −9; 3 x = 1; 4 x = 1.
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Plat́ı:

ar · as = ar+s (ar)s = ar·s (ab)r = ar · br r

√
as = a

s

r

(1

a

)s

=
1

as
= a−s

(a

b

)s

=
as

bs
=

( b

a

)−s ar

as
= ar−s

Pro n liché je n

√
x definováno pro x ∈ R, pro n sudé je n

√
x definováno pro x ≧ 0.

Pro a > 0, m ∈ N, n ∈ N: n

√
am = a

m

n .

Pro x ∈ R:

√
x2 = |x| . . .. . . . . .

√
x2 = x pro x ≧ 0

√
x2 = −x pro x < 0

POZOR! (a ± b)2 6= a2 ± b2, ale (a ± b)2 = a2 ± 2ab+ b2

x4

x3

√
x

3
√

x

1

x 1

x2
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Exponenciálńı a logaritmické funkce

Řešte rovnice a nerovnice:

1 15− 3 · 52x−1 = 0 2 22x · 3x = 144

3 16
x

x+3 = 4 ·
(2x

8

)
1

2x+5

4
2x+3

√
43−x = 1024

5 33x · 27 >
1

3
6

(2

3

)x2

>
(

√

3

2

)x

7
(1

2

)x2

<
(1

2

)−2x+3
8

1

32x−5
> 81

Řešte rovnice a nerovnice:

9 log2

(1

8

)

= x 10 log√2(64) = x

11 log2(log3(log 1
2

x)) = 0 12 log3(x+ 1) + log3(x+ 3) = 1

13 log2(x+ 2) ≧ 3 14 log 1
2
(x+ 2) ≧ 3

15 log |x| < 2 16 1 ≦ | log3 x| ≦ 2

Výsledky: 1 x = 1; 2 x = 2; 3 x ∈ {−73 ; 3}; 4 x = −1211 ; 5 x ∈ (−43 ,∞); 6 x ∈
(−1
2
, 0); 7 x ∈ (−∞,−3) ∪ (1,∞); 8 x ∈ (−∞, 1

2
);

9 x = −3; 10 x = 12; 11 x = 1
8 ; 12 x = 0; 13 x ∈ 〈6,∞); 14 x ∈ (−2,−158 〉;

15 x ∈ (−100, 0) ∪ (0, 100); 16 x ∈ 〈 19 , 13〉 ∪ 〈3, 9〉.
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Typ: ax pro a ∈ (0, 1) ∪ (1,∞)

a > 1 a < 1

1 1

Pravidla pro poč́ıtáńı:

ar · as = ar+s (ar)s = ar·s (ab)r = ar · br r

√
as = a

s

r

(1

a

)s

=
1

as
= a−s

(a

b

)s

=
as

bs
=

( b

a

)−s ar

as
= ar−s

Typ: loga(x) pro a ∈ (0, 1) ∪ (1,∞)

a > 1 a < 1

1
1

Definováno: y = loga(x) právě tehdy, když ay = x

Speciálně: lnx ≡ loge(x), log x ≡ log10(x)

Pravidla pro poč́ıtáńı:

loga(A) + loga(B) = loga(A · B) loga(A
k) = k · loga(A) loga(a

k) = k

loga(A)− loga(B) = loga
(A

B

)

loga

( 1

A

)

= − loga(A) loga(x) =
logb(x)

logb(a)
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Goniometrické funkce

Určete hodnoty:

1 sin
π

2
2 cos

π

3

3 sin
π

6
4 cos

π

4

5 sin
2π

3
6 cos(−π

6
)

7 sin 0 8 cos 0

9 tg
π

4
10 tg (−π

3
)

11 sin(−π

3
) 12 cosπ

Výsledky: 1 1; 2 1
2
; 3 1

2
; 4

√
2
2
; 5

√
3
2
; 6

√
3
2
; 7 0; 8 1; 9 1; 10 −

√
3;

11 −
√
3
2 ; 12 −1.

Řešte rovnice a nerovnice:

1 sinx = −1
2

2 cos
(x

2
− π

3

)

=

√
2

2

3 cotg x = 1 4 cotgx = −1

5
sinx√
3
+ cosx = 0 6 2 cos2 x − 2 sinx cosx = 1

7 cosx < 0 8 sinx > 0

9 cosx ≧ −1
2

10 tgx ≧ −
√
3

11 | sinx| ≧
1

2
12 | cosx| <

√
2

2

Výsledky: 1 7π
6 + 2kπ, 11π6 + 2kπ; 2 7π

6 + 4kπ, π
6 + 4kπ; 3 π

4 + kπ; 4 −π
4 + kπ;

5 −π
3
+ kπ; 6 π

8
+ k π

2
; 7 x ∈ (π

2
+ 2kπ, 3π

2
+ 2kπ); 8 x ∈ (2kπ, π + 2kπ);

9 x ∈ 〈 4π3 + 2kπ, 8π3 + 2kπ〉; 10 x ∈ 〈−π
3 + kπ, π

2 + kπ); 11 x ∈ (π6 + kπ, 5π6 + kπ);

12 x ∈ (π
4
+ 2kπ, 7π

4
+ 2kπ).
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sinx cosx

−π 0 π | |−π 0 π

tgx cotgx

0

 

 
0

 

 

sin a cos jsou funkce 2π-periodické, tg a cotg jsou π-periodické;

D(cos) = D(sin) = R

D(tg ) =
⋃

k∈Z

(−π

2
+ kπ,

π

2
+ kπ) D(cotg ) =

⋃

k∈Z

(kπ, π + kπ)

sin(x) = sin(π − x) = − sin(π + x) = − sin(2π − x) = − sin(−x) = sin(2π + x)

cos(x) = − cos(π − x) = − cos(π + x) = cos(2π − x) = cos(−x) = cos(2π + x)

tg (x) =
sin(x)

cos(x)
=

1

cotg (x)

cotg (x) =
cos(x)

sin(x)
=

1

tg (x)

cos2(x) + sin2(x) = 1
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Definičńı obory a pr̊useč́ıky

Určete definičńı obor funkce f a pr̊useč́ıky grafu s osami x, y:

1 f(x) := ln(x+ 3) 2 f(x) := 4
√

x − 1
3 f(x) :=

√
2 + 3x 4 f(x) :=

√

x2 + 3x+ 2

5 f(x) :=
2x√

x2 − 9x
6 f(x) :=

√
lnx

7 f(x) :=
1

x · lnx
8 f(x) := ln

(1− x

1 + x

)

9 f(x) :=
(x − 1

x+ 2

)−2
10 f(x) := 3

√
3x − 8

11 f(x) :=
2− x

x+ 1
12 f(x) := ln(ex − 1)

Výsledky — def. obory: 1 x ∈ (−3,∞); 2 x ∈ 〈1,∞); 3 x ∈ 〈−23 ,∞);
4 x ∈ (−∞,−2〉 ∪ 〈−1,∞); 5 x ∈ (−∞, 0) ∪ (9,∞); 6 x ∈ 〈1,∞);
7 x ∈ (0, 1) ∪ (1,∞); 8 x ∈ (−1, 1); 9 x ∈ (−∞,−2) ∪ (−2, 1) ∪ (1,∞);
10 x ∈ R; 11 x ∈ (−∞,−1) ∪ (−1,∞); 12 x ∈ (0,∞).

Výsledky — pr̊useč́ıky s osou x: 1 [−2, 0]; 2 [1, 0]; 3 [−23 , 0]; 4 [−2, 0] a [−1, 0];
5 neexistuje; 6 [1, 0]; 7 neexistuje; 8 [0, 0]; 9 neexistuje; 10 [ 43 , 0]; 11 [2, 0];

12 [ln 2, 0].

Výsledky — pr̊useč́ıky s osou y: 1 [0, ln 3]; 2 neexistuje; 3 [0,
√
2]; 4 [0,

√
2];

5 neexistuje; 6 neexistuje; 7 neexistuje; 8 [0, 0]; 9 [0, 4]; 10 [0,−2]; 11 [0, 2];
12 neexistuje.

Vyjádřeńı neznámé z rovnice

Z následuj́ıćıch rovnic vyjádřete proměnnou x. Určete, pro jaká y maj́ı rovnice smysl.

1 lnx = y − 3 2 y =
3x − 1
x+ 2

3 ex = 2y − 7

4 x2 = y2 − 4 5
1

x2
= y − 2 6

1

x3
= y − 2

7
√

x = 5y + 15 8
1√
x
= y + 1 9

1
3
√

x
=
1

y

Výsledky: 1 x = ey−3, y ∈ R; 2 x = 2y+1
3−y
, y ∈ (−∞, 3) ∪ (3,∞); 3 x = ln(2y − 7),

y ∈ ( 7
2
,∞); 4 x = ±

√

y2 − 4, y ∈ (−∞,−2〉 ∪ 〈2,∞); 5 x = ± 1√
y−2 , y ∈ (2,∞);

6 x = 1
3
√

y−2 , y ∈ (−∞, 2) ∪ (2,∞); 7 x = (5y + 15)2, y ∈ 〈−3,∞); 8 x = 1
(y+1)2 ,

y ∈ (−1,∞); 9 x = y3, y ∈ (−∞, 0) ∪ (0,∞).
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Podmı́nky:

1
⋆

. . . ⋆ 6= 0
√

⋆ . . . ⋆ ≧ 0, podobně všechny sudé odmocniny, tj. 4
√

⋆, 6
√

⋆, . . .

ln(⋆) . . . ⋆ > 0, podobně všechny logaritmy, tj. loga(⋆)

tg (⋆) . . . ⋆ 6= π
2
+ kπ, k ∈ Z

cotg (⋆) . . . ⋆ 6= kπ, k ∈ Z

Je-li ⋄ = √
⋆, potom také muśı platit ⋄ ≧ 0.

Podobně, je-li ⋄ = e⋆, muśı ⋄ > 0.

Pr̊useč́ıky s osou x: všechny body [x, 0], kde x je řešeńı rovnice f(x) = 0.
Pr̊useč́ık s osou y: bod [0, f(0)], pokud 0 lež́ı v definičńım oboru funkce f .

Tvorba grafu.

Necht’ známe graf funkce f(x). Necht’ c > 0. Grafy daľśıch funkćı źıskáme
následuj́ıćım postupem:

f(x) + c posunut́ı grafu o c nahoru

f(x)− c posunut́ı grafu o c dol̊u

f(x+ c) posunut́ı grafu o c doleva

f(x − c) posunut́ı grafu o c doprava

f(−x) překlopeńı grafu kolem osy y

− f(x) překlopeńı grafu kolem osy x

cf(x) protažeńı grafu c-krát ve směru osy y

f(cx) smrštěńı grafu c-krát ve směru osy x

|f(x)| překlopeńı grafu nad osu x

f(|x|) graf napravo od osy y ponechat a nav́ıc překlopit kolem osy y doleva
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Rozbor (vyšetřováńı ) funkce

U následuj́ıćıch funkćı určete definičńı obor, pr̊useč́ıky grafu s osami x, y, načrtněte
graf, určete z grafu obor hodnot, zjistěte kde je funkce rostoućı a kde klesaj́ıćı, zda je
omezená, najděte funkci inverzńı:

1 f(x) =
√

x − 1 + 2 2 f(x) =
2x+ 3

x+ 3

3 f(x) = 1− 3
√

x+ 2 4 f(x) = 3 + ln(1 + x)

5 f(x) = 4− 1

x2
6 f(x) = (x+ 2)3 − 1

7 f(x) = 1− ex+2 8 f(x) = (x+ 2)2 − 1

Výsledky — def. obory: 1 x ∈ 〈1,∞); 2 x ∈ (−∞,−3) ∪ (−3,∞); 3 x ∈ R;

4 x ∈ (−1,∞); 5 x ∈ (−∞, 0) ∪ (0,∞); 6 x ∈ R; 7 x ∈ R; 8 x ∈ R.

Výsledky — pr̊useč́ıky s osou x: 1 neexistuj́ı; 2 [−3
2
, 0]; 3 [−1, 0]; 4 [e−3 − 1, 0];

5 [−12 , 0] a [ 12 , 0]; 6 [−1, 0]; 7 [−2, 0]; 8 [−1, 0] a [−3, 0].

Výsledky — pr̊useč́ık s osou y: 1 neexistuje; 2 [0, 1]; 3 [0, 1 − 3
√
2]; 4 [0, 3];

5 neexistuje; 6 [0, 7]; 7 [0, 1− e2]; 8 [0, 3].

Výsledky — graf:

1 2

3 4
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5 6

7 8

Výsledky — obory hodnot: 1 〈2,∞); 2 (−∞, 2) ∪ (2,∞); 3 R; 4 R; 5 (−∞, 4);

6 R; 7 (−∞, 1); 8 〈−1,∞).

Výsledky — monotonie a omezenost: 1 rostoućı na 〈1,∞), omezená zdola; 2 rostoućı
na (−∞,−3) a na (−3,∞); 3 klesaj́ıćı na R; 4 rostoućı na (−1,∞); 5 klesaj́ıćı
na (−∞, 0), rostoućı na (0,∞), omezená shora; 6 rostoućı na R; 7 klesaj́ıćı na R,

omezená shora; 8 klesaj́ıćı na (−∞,−2〉, rostoućı na 〈−2,∞), omezená zdola.

Výsledky — inverzńı funkce: 1 x = y2 − 4y + 5, y ∈ 〈2,∞); 2 x = 3y−3
2−y
,

y ∈ (−∞, 2) ∪ (2,∞); 3 x = (1 − y)3 − 2, y ∈ R; 4 x = ey−3 − 1, y ∈ R;

5 x = − 1√
4−y

a x = 1√
4−y
, y ∈ (−∞, 4); 6 x = −2 + 3

√
y + 1, y ∈ R;

7 x = ln(1 − y) − 2, y ∈ (−∞, 1); 8 x = −2 + √
y + 1 a x = −2 − √

y + 1 ,
y ∈ 〈−1,∞).

Př́ıklady k zápočtu

U následuj́ıćıch funkćı určete definičńı obor, pr̊useč́ıky grafu s osami x, y, načrtněte
graf, určete z grafu obor hodnot, zjistěte kde je funkce rostoućı a kde klesaj́ıćı, zda je
omezená, najděte funkci inverzńı:

A f(x) =
3x − 1
x − 2 B f(x) = 2 +

1

(x+ 1)3
C f(x) = 1− ln(x − 2)
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