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SOLVE FIRST — ASK QUESTIONS LATER:
DISCOVERING GEOMETRY USING SYMBOLIC GEOMETRY AND CA S

PHILIP TODD

ABSTRACT. Using symbolic geometry and CAS facilitates a newdkiof

geometric discovery. Rather than relying on geometrisight to solve
a problem, it can be expressed algebraically usirg symbolic geometry
system then solved in the CAS. The solution caantlbe examined
geometrically in the symbolic geometry system amsight attained after the
fact. We illustrate this approach with a numberegmples from students’
work over the last decade.

INTRODUCTION

Symbolic geometry software, such as Geometry Espes facilitates the creation of
mathematical models and the expression of the gegrmas algebra (or trigonometry).
The algebraic form may be solved using standardogmbes or copied into a CAS and
simple operations applied to work to a solutione Bolution may in turn be copied back
into the symbolic geometry system and analysedantixation of the solution obtained in
this manner can yield geometric insight which ogadl to more succinct, simpler proofs.
This yields a fundamentally new approach to sohglepmetry problems, which allows
the insight to come after the problem is solvedthis way, progress can be made, even
without the insight.

In this talk we present a number of geometry pnoislevhose analysis yielded
geometric insight in just this way. Many of theseoljems arose during summer
mathematics projects undertaken by students aPtiand Saturday Academy over the
course of the last 10 years.

The more engaging student projects involved thdyaisaof real-world problems, the
formulation of tractable mathematical models, aollitson of the mathematical problem
posed by the model. We give examples of mathematats/ated by application domains
from design of solar cookers to telescope abematie highlight the formulation of
mathematical problems from application domains akighly creative mathematical
activity and one to which the student is traditibnaot exposed.

Saturday Academy. Most of the projects described below were underiaky
students in the Portland Saturday Academy Apprestip in Science and Engineering
(ASE) program [1]. Under this program, high schstoidents (typically at the end of year
10 or 11) work during the summer for 8 weeks aasrirg at local engineering or scientific
labs. The students are typically of the highesibeal as the main motivation for
participating is to boost their chances of beingiitd to exclusive universities. Saltire
Software has participated in the program since 2006

A major component of the work done by Saltire’semts has been a substantial
mathematical research project. The student is gteehnology: Geometry Expressions
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for modeling, Maple and Mathematica for solving agéphing. They select an open
ended research topic, and with guidance from tmeintor (this paper’s author) develop
the questions they wish to address, create mathemhatodels and attain some sort of
answers to their questions. Typically these re$earojects account for about half of
their time spent as an intern, approximately 160rsof work.

1. GEOMETRY EXPRESSIONS AND THESOLVE FIRST APPROACH

Before discussing students’ projects, we will idioe the “Solve First” concept in the
context of a classical geometrical result convethyediscussed in a paper in the South
Bohemian Mathematical Letters [2].

Gergonne’s Theorem [2] concerns the area of thalPEthngle defined by a triangle
ABC and Pedal point P. The pedal triangle is thangle whose vertices are the
orthogonal projections of point P onto the sidetheftriangle. The theorem states that the
locus of points P such that the area of the petaidle is constant is a circle concentric
with the circumcircle of triangle ABC. The areatbé pedal triangle is zero only if P lies
on the circumcircle.

Phrased in this way, we have significant hintsoalsaw we might go about proving the
result by hand geometrically. However we have histied the opportunity to “discover”
this rather surprising result for ourselves.

Rather than ask a student to prove the theoremmighbt instead ask a student simply
to investigate the area of the pedal triangle witremy pre-indication of the form of the
solution.

Figure 1 shows a Geometry Expressions model ofdalpgeiangle. Triangle ABC has
vertices with coordinates (0, 0), (a, 0) and (bPg)int P is given the coordinates (X, y).

he
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FIGURE 1. Triangle ABC has vertices with coordinates (0,8, 0) and (b, c). Point P
has coordinates (x, y). E, F and G are the orthalgomjections of P onto BC, AB and
AG. The area of EFG is computed by Geometry Exjmass
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Points E, F and G are constructed at the foot gdgreliculars from P to the extensions
of BC, AB and AG respectively. Geometry Expressiganerates an algebraic expression
for the area of the triangle EFG.

The problem of finding the area of the pedal trlanigas at this point been solved,
simply by asking the program for a measurement.niohematical insight is needed at
all. However, examination of the solution can l&achsight. If a, b and ¢ are constant, the
solution is quadratic in x and y. Not only thate ttoefficients of kand ¥ are the same.
The locus of the points (X, y) which yield a pettangle of area k will have an equation
whose left side is the expression for the areavemase right side is k. This is clearly the
equation of a circle. The specific circle can beated in Geometry Expressions (fig 2).

FIGURE 2. Circle whose implicit equation expresses theap&thngle area equals k.
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FIGURE 3. H is the center of the circle which is the loofigoints whose pedal triangle
has area k. The distances from H to vertices An@@ are seen to be identical. Hence H
is the center of the circumcircle.

In Figure 3, the distances of the center of theidocircle to the vertices A, B, C are
measured. These can be seen to be equal, henanter of the locus circle is the
circumcenter of the triangle ABC.

While this example was not done by one of our SkyrAcademy students it
admirably illustrates the ‘solve first — enlightesnt later’ approach. A rather ugly
solution using Geometry Expressions led to a pugglgmetric characterization, which
can then be addressed geometrically with the thiridiscovery as motivation.

2. LIMITING FORMS OFTRIANGLE DEFINED CIRCLES

The problem which our first ASE student selectedddress was this:

What happens, in the limit, to the circumcircleadfiangle when the three points
coalesce?

By numerical experimentation with Geometry Expressj the student convinced
himself that the answer to the question dependedhenpath along which the points
coalesced.

If the triangle had vertices ABC, he reasoned tra could apply transformations to
keep A fixed, then the paths of B and C would fawo arms of a curve which meet at A.
He was able to prove that the circumcircle tende@ tinless that curve was sufficiently
smooth at A. In the case where it was smooth, bd Maple to find the radius of the limit
circle. He was able to confirm that this was theiua of curvature of the curve (figure 4).
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FIGURE4. (a) Circumcircle of points at parametric locatd-h, t, t+h on curve
(f(t), g(t)) along with expression for the radigs) Limit of the radius as-»0 computed
in Maple.

Having turned the original question into a morectmble mathematical formulation,
and successfully analyzed this using symbolic gegnand CAS, the student proceeded
to apply the same technique to a number of othetesi defined by triangles which he
encountered on the web [3]. For example, his amalyf the limit of the 9-point circle is
shown in Figure 5. Comparison of this limit witihat of figure 1 reveals that the limiting
radius of the 9 point circle is half the radiuscafvature of the curve.
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FIGURES. (a) Geometry Expressions Model of the 9 poimti€iradius. (b) limit of this
radius as k>0 computed in Maple.

The student found definitions of many more triangieles online [3], and expanded
his investigation to 50 such circles. Of these 8Gdund 20 tended to zero radius and 2 to
infinite radius, while 22 tended to a radius whisha constant multiple of the radius of
curvature, and 6 tended to some other radius @iGr
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FIGURE6. A number of different triangle defined circlagdaheir limiting forms

3. TELESCOPEABERRATION

An article in Mathematics Teacher on telescopecsgt] was the starting point of the
second year’s investigation. The article described incoming light parallel to the axis
of a parabolic reflector would all converge oncieaed on the focus of the parabola.
Incoming light at an angle to the axis was discdss® in relation to this, two terms were

used without definition: “optical focus” of the te€ted light, and the “focal surface” of
the parabola.
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FIGURE 7. Model of the “optical focus” or region of cone¢eation of reflected light for
incident rays at angleto the axis.

The optical focus defined the location where patallys at a specific angle to the axis
converge. As they do not in general all intersgca point, there is a need to come up
with a definition of the point of convergence.

The optical surface is then the locus of these edyence zones for a range of
incoming angles. We asked the additional questt@m we define, geometrically, the
aberration: loosely the width of the convergenceezd\berration should be zero for light
entering parallel to the axis and, one would assuneeease as the angle of the incoming
light increases.

Figure 7 shows a Geometry Expressions model ofréggon of concentration of
incident rays at anglé to the axis of the parabola. It is bounded on l#fe by the
reflections of light which impinges on the edgetb& mirror and on the right by the
envelope of the reflected rays. This envelope meaythought of as the locus of the
intersections of the reflected images of “neighbgtirays, where “neighboring” is to be
interpreted as a limit of ray pairs with finite seation. The edges of the mirror are
defined to lie at parametric location u and -uloe parabola. (Assuming the mirror has its
center at the origin, and its axis aligned with yhaxis, and that its focal length is f, then
the coordinates of the edge points @¢u, fu?)).
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FIGURE8. (a) Loci of points A and B are circles passimgugh the focus F. (b) Both
circles pass through the focus. One is tangertd@arabola’s vertex, the other passes
through the edges of the parabola.

Point B on the diagram is the intersection of teflected rays from the edge of the
mirror, while point A is the point on the envelop&rve whose tangent is the ray reflected
from the center of the mirror. Alternatively, tiian be thought of as the intersection of
the reflection of “neighboring” rays which hit tleenter of the mirror. The length of the
line joining A and B gives a measure of the widthie area of concentration of the light
and thus defines, in some sense, the aberratiorcaW@bserve that AB is andlebelow
the horizontal and that AB extended passes thrthugfocus.

The locus of A and B can be computed by Geometmyré&ssions and their implicit
equations calculated (figure 8). Inspection shdvesé to be circles, one being the circle
through the focus which is tangent to the parabblis vertex, the other being the circle
through the focus and the two edges of the mirror.

The aberration can thus be defined geometricallyfadlsws (figure 9). Given a
parabolic mirror with focal point F, vertex V andges C and D, draw the circumcircle of
C, D and F and the circle with diameter FV. Dralina through F parallel to the incident
rays and reflect it in a line through F at 45 degréo the axis FV. The intersections
between this line and the two circles mark the lblaumies A, B of the concentration of the
reflected rays and the length |AB| representslbleeration.
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FIGURE 9. Geometrical method of determining the aberraitiom parabolic mirror.

The student reasoned that any point on the segA®mould be used as the “optical
focus” and any circle between the two circles caoeloresent the “focal surface”.

The student extended his investigation to considemon-parabolic mirror. In
generalizing the results he faced the problem ttattwo circles used in describing the
parabolic mirror both incorporate the parabola foau their definition, but the general
curve does not have such a focus. He also recatytiiegt his inner curve is the limiting
form of the outer curve as the points C and D caywen V. His outer curve does not
depend on the fact that the mirror is a parabalanierely on the direction of the tangents
to the mirror at C and D.

To analyze the general case, he took a triangle ABCa pair of parallel rays touching
AB at A and BC at C. He reflected those rays in @&l BC. He determined and proved,
using elementary geometry, that if D is the circanter of ABC, then the locus of the
intersection of the reflected rays is the circuileiof ACD (figure 10).
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FIGURE 10. (a) Images of two parallel rays reflected in &8 CB meet at a constant
angle. (b) The locus of the intersection pointthescircumcircle of A, C and D the center
of the circumcircle of ABC.

Finally, and surprisingly, he ended up using thgrapach of the previous year's student
to determine the limit of this circle as A and @deo B. (figure 11). He determined the
limit circle has a radius one quarter of the radifisurvature.

To confirm that the circles for the general cureeresponded to the circles through the
focus of the parabola, the student consideredithati®n where A and B in figure 10(a)
lie on a parabola, and where AB and CB are tangertse parabola. He then considered
the case where the rays incident to A and C arallphto the axis of the parabola. In this
case, the focal property of the parabola demanaisttie reflected rays intersect at the
parabola’s focus. Hence the parabola’s focus dogsed lie on the circumcircle of A C
and D in figure 10b.
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FIGURE 11. Limit of the locus circle

4. SOLAR COOKERS

In the third summer, we stayed on the topic ofectfirs, but in the context of solar
cookers. The project we identified was to charamtethe sensitivity of different shapes of
reflectors to errors in alignment with incoming Hig While irrelevant to computer
targeted reflectors in solar power stations, suefsisivity would be important to hand
deployed solar cookers in the third world.

A parabolic reflector aligned perfectly with incargilight concentrates all the light on
the focal point and thus is able to achieve amitgisolar concentration ratio. Conversely,
if it is not aligned exactly with incoming light,llareflected rays miss the focus. In
practice, however, a finite sized target is posiid at the focus. This yields a finite solar
concentration ratio (the cross sectional area efrdflector divided by the area of the
target) and a finite sensitivity to misalignment.

A survey of solar cooker designs on the web rede#iat parabolas of a variety of
different focal lengths are in use. Of course, theal length does not affect the
parabola’s capability of focussing when perfectligreed with the incoming light. A
guestion we asked was this:

For a given cross section, what focal length istesensitive to misalignment.

To model such a cooker, the student created a plaradhose vertex lay at the origin

and whose focus was on the y axis. She constraheedistance between the focus and
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the vertex to be f. She centred a circular tardetidius r at the focus and considered a
finite portion of the parabola bounded by vertiiaés distance d/2 from the y axis. With
d and r considered as constants, the solar coati@ntratio when adequately aligned was

d 2
(Z_J . She decided that her measure of sensitivity &aliginment would be the angle
r

at which light reflected from the edge of the mirstarted to miss the target. To find this
angle, she created a line through the edge of themand tangent to the target circle.
She then reflected this line in the tangent to plaeabola at the mirror's edge and
measured the angle of the reflection to the vdr{fagure 12).

16-1-1
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FIGURE 12. Solar cooker model with target of radius r egftector of cross sectional
diameter d. Focal length is f.

The least sensitive cooker would be the one whosal fength f maximizes this angle.
The student copied the expression into Maple, difféated and solved to get the result
shown in figure 13.



SOLVE FIRST — ASK QUESTIONS LATER 99

16rf
arctan
E d*+32f2d?+ 256f4—256r2f2]

>sinplify(diff(%f));

16 (d? - 16f%)r
(d?+161f2)./d*+ 32> d? + 256 * — 2562 f

>sol ve(9%0, f);

FIGURE 13. f value which maximizes the critical angle

This seemed remarkably simple, and when enterexl tht Geometry Expressions
model the algebraic simplicity corresponded to getim simplicity (figure 14). The focal
length was such that the focus was aligned horatlynivith the edges of the reflector.

FIGURE 14. Geometry of the configuration which maximizes tritical angle.

The geometry of the solution, found by calculus teé much more succinct solution
of the original problem. If D is the edge of thdleeting surface, we draw lines from D
tangential to the target and reflect these in thealpola at D (figure 15). The angle
between the reflected rays is the critical angléctvidefines the tolerance of the cooker to
misalignment. Clearly this is the same as the ahgtaveen the two tangents from D to
the target. However, this last angle is just thpaaent size of the target viewed from D.
Clearly the apparent size is maximal when D islasecas possible to the target. As D can
be located anywhere on the vertical line, it issekt to the target when D is horizontally
aligned with B.
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FIGURE 15. The critical angle is the same as the appé#asgiular) size of the target
viewed from D. The angular size of the target gglist when D is as close as possible.

5. REGIOMONTANUSPROBLEM

Our final illustration of the Solve first ask questions lateapproach comes not from
student work but from a classical geometry optitmaproblem [6].

In the context of finding the best place on eaxdhobserve the rings of Saturn,
Regiomontanus asks:

At what point on the earth’s surface does a veltjceuspended bar look the biggest?

A Geometry Expressions model of this situation meadily be created (figure 11).
Constants, L andh are used for the radius of the earth, the lendtth® rod and the
height of the rod above the center of the eartlhadable0 is used for the angle between
the rod and a point of observation. Geometry Esgions can now generate an
expression in terms af L, h and® for the angle subtended by the rod at the point of
observation.
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FIGURE 16. Geometry Expressions model for RegiomontanablBm. The apparent
size of the rod CD is the angle CBD.

A brute force method of solving Regiomantanus probluses the tool of calculus
(unknown, of course, in Regiomontanus’ day). Usarg approach familiar to every
calculus student, we need to differentiate the @sgion, equate the derivative with 0 and
solve.

This is readily accomplished, without much furtbesught, in a CAS (figure 17).

sin(8)rL
—arcta
'E—h L-h?-r?+cog0)(rL +2rh)}

>solve(simplify(diff(%theta))=0,theta);

r(L+2h)
arccos——————
hL+h?+r?

FIGURE 17. The expression for the subtended angle isrdifteated and solved in a
CAS

The solution may be copied back into Geometry Essioms (figure 18), where we are
now able to explore the solution space. What happe the solution when the bar is
lengthened, or when it is moved closer to the @afe may be lead to examine the
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triangle whose vertices are the two ends of theabdrthe point of observation (triangle
BCD in figures 16 and 18). Experimentation may lemdto the observation that the
circumcircle of this triangle is tangential to tharth at a solution of the problem. This
mathematical insight, made after the problem isvemblmay lead us to an elegant
geometric re-solution of the problem.
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FIGURE 18. The solution fob found in the CAS is pasted back into the Geometry
Expressions Model. The solution space may now béoead by varying the numeric
values of the parameteinsandL.

CONCLUSION

Creating a tractable mathematical model of a rdal problem is difficult. The
mathematical model is an idealization of the rdalgroblem such that it can be analysed
and solved with the tools at hand. Giving a studansophisticated mathematics
environment such as Maple or Mathematica greattgreds the class of mathematical
models which can successfully be analysed, andeherakes the modelling task easier.
For the modelling itself to be done by studentsymlmlic geometry system such as
Geometry Expressions, which converts a graphicakpressed model into explicit
mathematics has proven important. Solvability lef tmathematical model frequently is
dependent on both its geometrical expression amgdinametrization used. The capability
of reliably converting a geometrical expressioragbroblem into symbolic mathematics
allows the student confidently to create multipledals. The automation of solution
through a CAS can lead to a rapid cycle round tbdeh/ solve loop.

The general approach used with the students wasdaire a mathematical model
using Geometry Expressions, to extract some measnte from the Geometry
Expressions mode, expressed as a mathematicalssigmeand then to use a CAS to find
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a limit of this expression, to solve for this exgs®n, or to optimize this expression by
differentiating and solving.

Mathematisation of a real life problem came in ¢hséeps.

1. A simplified geometric model was created, a gooanale being to model a
kettle positioned at the focus of a parabolic s@laoker as simply a finite
radius circle.

2. An appropriate parametrization was applied to tloel@h in the solar cooker
example, the parabola is parametrized by its féeagith f — treated as a
variable in the problem, and the diameter of ihdi — treated as a constant.

3. A measurement made from the model and treated abjantive function of
the variable parameter(s).

At this point the number of different mathematiapproached which were deployed in
the CAS were quite small and only a handful of GActions were deployed.

Having found a solution by brute force applicatminautomated geometry modelling
and CAS solution, viewing the solution back in treometrical realm frequently yielded
additional insight and indeed suggested purely ggocal solutions to the original
problem. These solutions replaced the heavy algelbnachinery provided by the CAS
with more elementary, but less direct geometricuargnts. The technology gives the
student the means to make progress with a probleite waiting for inspiration to strike.
With a solution in hand, inspiration seems to strifore frequently.
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